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SOME CONSTRUCTIONS OF BIHARMONIC MAPS AND
CHEN’S CONJECTURE ON BIHARMONIC HYPERSURFACES
YE-LIN OU∗
Abstract
We give several construction methods and use them to produce many exam-
ples of proper biharmonic maps including biharmonic tori of any dimension in
Euclidean spheres (Theorem 2.2, Corollaries 2.3, 2.4), biharmonic maps be-
tween spheres (Theorem 2.6) and into spheres (Theorem 2.7) via orthogonal
multiplications and eigenmaps. We also study biharmonic graphs of maps, de-
rive the equation for a function whose graph is a biharmonic hypersurface in
a Euclidean space, and give an equivalent formulation of Chen’s conjecture on
biharmonic hypersurfaces by using the biahrmonic graph equation (Theorem
4.1) which paves a way for analytic study of the conjecture.
1. introduction
In this paper, all manifolds, maps, and tensor fields are assumed to be smooth
unless there is an otherwise statement.
A biharmonic map is a map ϕ : (M, g) −→ (N, h) between Riemannian mani-
folds that is a critical point of the bienergy functional
E2 (ϕ,Ω) =
1
2
∫
Ω
|τ(ϕ)|2 dx
for every compact subset Ω of M , where τ(ϕ) = Traceg∇dϕ is the tension field
of ϕ. The Euler-Lagrange equation of this functional gives the biharmonic map
equation ([16])
(1) τ 2(ϕ) := Traceg(∇ϕ∇ϕ −∇ϕ∇M )τ(ϕ)− TracegRN(dϕ, τ(ϕ))dϕ = 0,
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which states the fact that the map ϕ is biharmonic if and only if its bitension
field τ 2(ϕ) vanishes identically. In the above equation we have used RN to denote
the curvature operator of (N, h) defined by
RN(X, Y )Z = [∇NX ,∇NY ]Z −∇N[X,Y ]Z.
It is clear from (1) that any harmonic map is biharmonic, so we call those
non-harmonic biharmonic maps proper biharmonic maps.
A submanifold is biharmonic if the isometric immersion defining the submani-
fold is a biharmonic map. It is well known that an isometric immersion is minimal
if and only if it is harmonic. So a minimal submanifold is trivially biharmonic
and we call those non-minimal biharmonic submanifolds proper biharmonic
submanifolds.
Examples of proper biharmonic maps are very difficult to find. Most of the
known examples come from the following families.
1. Biharmonic isometric immersions: (i) The generalized Clifford torus
Sp( 1√
2
)× Sq( 1√
2
) →֒ Sn with p 6= q, p+ q = n ([18]); (ii) The hypersphere
Sn( 1√
2
) →֒ Sn+1 ([6]); (iii) Biharmonic cylinder : S1( 1√
2
) × R →֒ S2 × R
([27]); (iv) The hyperplanes z = k (k is a constant > −C) in the
conformally flat space (Rm+1+ , h = (
z+C
D
)2(
∑m
i=1 dx
2
i + dz
2)) ([27]);
2. Biharmonic conformal immersions: (i) The inversion in 3-sphere:
φ : R4 \ {0} −→ R4 with φ(x) = x|x|2 ([1]). This is also the only
known biharmonic morphism which is not a harmonic morphisms ([21]);
(ii) Some proper biharmonic identity maps [21]: Euclidean-to-Hyperbolic
space, id : (H4 = R3 × R+, ds2) −→ (H4, x−24 ds2) and id : (B4 = {x ∈
R
4 : |x| < 1}, ds2) −→ (B4, 4(1 − |x|2)−2ds2); Euclidean-to-spherical
space, id : (R4, ds2) −→ (S4 \ {N}, 4(1 + |x|2)−2ds2). (iii) Confor-
mal immersions from Euclidean space into space forms [26]: ϕ : (R3 ×
R
+, g¯ = δij) −→ (H5 = R4 × R+, h = y−25 δαβ) with ϕ(x1, . . . , x4) =
(1, x1, . . . , x4) and ϕ : (R
4, g¯ = δij) −→ (S5 \ {N} ≡ R5, h = 4δαβ(1+|y|2)2 )
with ϕ(u1, . . . , u4) = (u1, . . . , u4, 0), where (u1, . . . , u5) are conformal co-
ordinates on S5 \ {N} ≡ R5; (iv) The conformal biharmonic surfaces in
R
3 [26]: For λ2 =
(
C2e
±z/R − C1C−12 R2e∓z/R
)
/2 with constants C1, C2,
the maps φ : (D, g = λ−2(R2dθ2+dz2)) −→ (R3, dσ2 = dρ2+ρ2 dθ2+dz2)
with φ(θ, z) = (R, θ, z) is a family of proper biharmonic conformal im-
mersions of a cylinder of radius R into Euclidean space R3, where D =
{(θ, z) ∈ (0, 2π)× R : z 6= ±R
2
ln(C1R
2/C22 )}.
CONSTRUCTIONS OF BIHARMONIC MAPS & CHEN’S CONJECTURE 3
3. Biharmonic horizontally weakly conformal maps: (i) Hopf con-
struction map φ : R2 × R2 −→ R× R2, φ(z, w) = (|z|2 − |w|2, 2zw¯) with
the standard Euclidean metric on the domain and certain conformally
flat metric on the target space ([28]); (ii) The map φ : R3 −→ (R2, g¯)
with φ(x1, x2, x3) = (
√
x21 + x
2
2 , x3) and a certain conformally flat metric
g¯ ([28]); (iii) Biharmonic Riemannian submersions [21]:
φ : (R2 × R, dx2 + dy2 + β2(x)dz2) → (R2, dx2 + dy2), φ(x, y, z) = (x, y)
with c1, c2 ∈ R∗, β = c2 e
∫
f(x) dx, and f(x) = −c1(1+e
c1x)
1−ec1x , is a family of
biharmonic Riemannian submersions;
4. Biharmonic maps which are neither conformal immersions nor
horizontally weakly conformal maps: (i) The composition of the
Hopf map and the inclusion: S3( 1√
2
) −→ S2( 1√
2
) →֒ S3 ([19]), and
more generally, the pull-backs of proper biharmonic maps Sm( 1√
2
) →֒
Sm+1(m = 2, 4, 8) by the Hopf fibrations S2m−1 −→ Sm( 1√
2
) ([25]); (ii)
The composition of a harmonic map ψ from a compact manifold with
constant energy density and the inclusion map of a biharmonic hypersur-
face [19]: i ◦ ψ : (M, g) −→ Sn( 1√
2
) →֒ Sn+1; (iii) The axially symmetric
biharmonic maps [3]: φ : (0,∞)t2 × Sm−1 −→ R ×f2 Sn−1, φ(t, x) =
(ρ(t), ϕ0(x)), where ϕ0 is a constant map; φ : R
m \ {0} −→ Rm \ {0} with
φ(x) = x/|x|m−2, m 6= 4.
In this paper, we give several construction methods and use them to produce
many examples of proper biharmonic maps including biharmonic tori of any di-
mension in Euclidean spheres (Theorem 2.2, Corollaries 2.3, 2.4 and ??), bihar-
monic maps between spheres (Theorem 2.6) and into spheres (Theorem 2.7) via
orthogonal multiplications and eigenmaps. We also study biharmonic graphs of
maps, derive the equation for a function whose graph is a biharmonic hypersur-
face in a Euclidean space, and give an equivalent formulation of Chen’s conjecture
on biharmonic hypersurfaces by using the biharmonic graph equation (Theorem
4.1) which reveals a similarity to the well-known Bernstein’s conjecture on the
existence of entire minimal graph. We hope this will pave a way and attract more
work and especially more analytic study to Chen’s conjecture on biharmonic hy-
persurfaces.
2. Constructions of proper Biharmonic maps
Let (M1 ×M2, g1 × g2) be the Riemannian product of manifolds (Mm1 , g1) and
(Mn2 , g2). For any map F : (M1 ×M2, g1 × g2) −→ (N, h) with F = F (x1, x2)
we have two families of maps F1, : (M
m
1 , g1) −→ (N, h) with F1(x1) = F (x1, x2)
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for fixed x2 ∈ M2 and F2, : (Mn2 , g2) −→ (N, h) with F2(x2) = F (x1, x2) for
fixed x1 ∈ M . Then, we know (cf. [12], Section (4.15)) that F is harmonic if
it is harmonic with respect to each variable separately, i.e., both F1 and F2 are
harmonic. This can be generalized to the case of biharmonic maps as
Proposition 2.1. (Biharmonic maps from product spaces) (Biharmonic
maps from product spaces) Let F : (M1 × M2, g1 × g2) −→ (N, h) with
F = F (x1, x2) and F1, : (M
m
1 , g1) −→ (N, h) with F1(x1) = F (x1, x2) for fixed
x2 ∈ M2 and F2, : (Mn2 , g2) −→ (N, h) with F2(x2) = F (x1, x2) for fixed x1 ∈ M .
Then, the bitension field of F is given by
τ2(F ) = τ2(F1) ◦ π1 + τ 2(F2) ◦ π2(2)
−JF1◦pi1(τ(F2 ◦ π2))− JF2◦pi2(τ(F1 ◦ π1)).
In particular, for F : (M1 ×M2, g1 × g2) −→ Rn, we have
τ2(F ) = (∆
2
M1F1) ◦ π1 + (∆2M2F2) ◦ π2 + 2∆M1∆M2
(
F2 ◦ π2
)
,(3)
where, ∆M1∆M2
(
F2 ◦ π2
)
= ∆M2∆M1
(
F1 ◦ π1
)
. Therefore, if one of F1 and F2
is proper biharmonic and the other is harmonic, then F is a proper biharmonic
map.
Proof. Choose a local orthonormal frame {ei}i=1,...,m on M1 and a local orthonor-
mal frame {ca}a=1,...,n on M2 so that {ei, ca}i=1,...,m, a=1,...,n form a local orthonor-
mal frame on M1 × M2. Let πk : M1 × M2 −→ Mk, πk(x1, x2) = xk, be the
projection onto the kth factor (k = 1, 2). Then, it is easily seen that
dF = d(F1 ◦ π1) + d(F2 ◦ π2),(4)
The tension field of F is given (see e.g., (4.15) in [12]) by
τ(F ) =
m∑
i=1
{∇F1◦pi1ei d(F1 ◦ π1)ei − d(F1 ◦ π1)∇M1×M2eiei}
+
n∑
a=1
{∇F2◦pi2ca d(F2 ◦ π2)ca − d(F2 ◦ π2)∇M1×M2caca}
= τ(F1 ◦ π1) + τ(F2 ◦ π2).(5)
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Using the fact that the Jacobi operator is linear we have
τ2(F ) = −JF (τ(F )) = −JF
[
τ(F1 ◦ π1) + τ(F2 ◦ π2)
]
= −JF (τ(F1 ◦ π1))− JF (τ(F2 ◦ π2))
= −JF1◦pi1(τ(F1 ◦ π1))− JF2◦pi2(τ(F2 ◦ π2))
−JF1◦pi1(τ(F2 ◦ π2))− JF2◦pi2(τ(F1 ◦ π1))
= τ 2(F1 ◦ π1) + τ 2(F2 ◦ π2)− JF1◦pi1
(
τ(F2 ◦ π2)
)− JF2◦pi2(τ(F1 ◦ π1))
= τ 2(F1) ◦ π1 + τ 2(F2) ◦ π2 − JF1◦pi1
(
τ(F2 ◦ π2)
)− JF2◦pi2(τ(F1 ◦ π1)),(6)
where the last equality is obtained by using the fact that both π1 and π2 are
harmonic morphisms with constant dilations λ ≡ 1 and hence biharmonic mor-
phisms ([24]). The first statement of the proposition follows from (6).
For the second statement, notice that when the target manifold of F is a Eu-
clidean space, we have
τ(F ) = ∆M1(F1 ◦ π1) + ∆M2(F2 ◦ π2),
and a straightforward computation yields
τ2(F ) = ∆
2
M1(F1 ◦ π1) + ∆2M2(F2 ◦ π2) + ∆M1∆M2(F2 ◦ π2) + ∆M2∆M1(F2 ◦ π2).
On the other hand, since π1 : (M1 ×M2, g1 × g2) −→ (M1, g1) is a Riemannian
submersion with totally geodesic fibers, horizontal distribution H = TM1, and
vertical distributuin V = TM2. Noting that ∆M1 = ∆H and ∆M2 = ∆V , we can
use a well-known fact (see [5]) that ∆H◦∆V = ∆V◦∆H to have ∆M1∆M2
(
F2◦π2
)
=
∆M2∆M1
(
F1 ◦ π1
)
. Thus, we complete the proof of the proposition. 
Remark 1. It is very easy to see that the converse of Proposition 2.1 is not true.
For example, F : S1 × S1 −→ S3 defined by
F (x, y) = (
√
3
2
cos x,
√
3
2
sin x, 1
2
cos y, 1
2
sin y) is harmonic (and hence bihar-
monic) but it is not biharmonic with respect to either single variable.
Example 1. The map F : R × (R4 \ {0}) −→ R4 F (t, x) = tx|x|2 with rational
functions as component functions is a proper biharmonic map. The effect of the
map can be interpreted as an inversion of the point x ∈ R4 about the unit sphere
S3 ⊂ R4 followed by a translation of t unit along the direction of x for t > 0 (and
opposite direction of x for t < 0). To see that this map is proper biharmonic
we notice that for each fixed t0, the map F (t0, ·) : R4 \ {0} −→ R4 is a constant
multiple of the inversion about 3-sphere which is proper biharmonic by [1]. On
the other hand, for each fixed x0, the map F (·, x0) : R −→ R4 is a linear map,
a straight line and hence a geodesic, which is clearly harmonic. From these and
Proposition 2.1 we conclude that the map is indeed proper biharmonic.
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Example 2. The map φ : Sn( 1√
2
)× R −→ Sn+1 × R with φ(x, t) = (x, 1√
2
, t) is a
proper biharmonic map. This follows from Proposition 2.1 and the fact that for
each fixed t, the map is the inclusion Sn( 1√
2
) →֒ Sn+1 which is proper biharmonic
([6]); and for each fixed x ∈ Sn( 1√
2
), the map is a geodesic in Sn+1×R and hence
harmonic.
2.1 Biharmonic maps via orthogonal multiplications. An orthogonal
multiplication is a bilinear map f : Rp×Rq −→ Rr such that |f(x, y)| = |x||y|. It
is well known (see, e.g., [12], Section (4.16)) that any orthogonal multiplication
restricts to a bi-eigenmap f : Sp−1 × Sq−1 −→ Sr−1 which is totally geodesic
embedding and hence a harmonic map in each variable separately. Furthermore,
for the orthogonal multiplications f : Rn × Rn −→ Rn, n = 1, 2, 4, 8 defined by
the usual multiplications of algebras of real, complex, quaternionic, and Cay-
ley numbers, the Hopf construction maps F : Rn × Rn −→ Rn+1 defined by
F (x, y) = (2f(x, y), |x|2−|y|2) restrict to the Hopf fibrations S2n−1 −→ Sn which
are harmonic maps. The following theorem shows that any orthogonal multipli-
cation can be used to construct a proper biharmonic map from a torus into a
sphere.
Theorem 2.2. For any orthogonal multiplication f : Rp × Rq −→ Rn, the map
φ : Rp × Rq −→ Rn+1 defined by φ(x, y) = ( 1√
2
f(x, y), 1√
2
) restricts to a proper
biharmonic map Sp−1 × Sq−1 −→ Sn.
Proof. It is well known (see (4.16) in [12] ) that an orthogonal multiplication
f : Rp × Rq −→ Rn restricts to a harmonic map (using the same notation)
f : Sp−1 × Sq−1 −→ Sn−1 with constant energy density. It is easily checked that
ϕ : Sp−1 × Sq−1 −→ Sn( 1√
2
) defined by ϕ(x, y) = 1√
2
f(x, y) is again a harmonic
map with constant energy density. On the other hand, notice that, the map
φ : Sp−1 × Sq−1 −→ Sn defined by the restriction of φ : Rp × Rq −→ Rn+1,
φ(x, y) = ( 1√
2
f(x, y), 1√
2
), is the composition of ϕ : Sp−1 × Sq−1 −→ Sn−1( 1√
2
),
ϕ(x, y) = 1√
2
f(x, y), followed by the inclusion map i : Sn−1( 1√
2
) →֒ Sn. It follows
from Theorem 1.1 in [19] that the map φ : Sp−1 × Sq−1 −→ Sn−1( 1√
2
) →֒ Sn,
φ(x, y) = ( 1√
2
f(x, y), 1√
2
), is a proper biharmonic map. Thus, we obtain the
theorem. 
Corollary 2.3. (Biharmonic tori in Sn) For any k, n ≥ 2, there is a proper
biharmonic map T k = S1× . . .×S1 −→ Sn from flat torus into n-sphere. In par-
ticular, the map φ(t, s) = ( 1√
2
cos(t+ s), 1√
2
sin(t+ s), 1√
2
) is a proper biharmonic
map from 2-torus T 2 into 2-sphere S2.
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Proof. The proper biharmonic flat torus φ : S1 × S1 −→ S2 is obtained by
applying Theorem 2.2 with the orthogonal multiplication f : C×C −→ C defined
by the product of complex numbers, i.e., f(z, w) = zw. In fact, let (z, w) =
(eit, eis) ∈ S1×S1. then, By Theorem 2.2, the map can be expressed as φ(t, s) =
( 1√
2
cos(t + s), 1√
2
sin(t + s), 1√
2
). Note that with respect to each variable the
map φ is a proper biharmonic curve (up to an affine transformation of arc-length
parameter) in S2 ([6]). By totally geodesically embedding S2 into Sn and a
result in [25] stating that totally geodesically immersing the target manifold of a
biharmonic map into another manifold does not change the biharmonicity of the
map we obtain the flat torus in Sn. 
Remark 2. Note that the proper biharmonic map T 2 −→ S2 constructed in
Corollary 2.3 is not onto so the degree of the map is 0. It would be interesting to
know if there exists proper biharmonic map of degree ±1 from T 2 to S2 as it was
showed by J. Eells and J.C. Wood [14] that there exists no harmonic map from
T 2 to S2 (whatever the metrics chosen) in the homotopy class of Brower degree
±1.
Corollary 2.4. (A flat torus in S4) The map φ : φ : S1×S1 −→ S4 defined by
φ(t, s) =
1√
2
(cos t cos s, cos t sin s, sin t cos s, sin t sin s, 1)
is a proper biharmonic map.
Proof. This is obtained by applying Theorem 2.2 with the orthogonal multiplica-
tion f : R2 × R2 −→ R4 defined (c.f., [29]) by f(x, y) = (x1y1, x2y1, x1y2, x2y2).
Note that in this case, there is an interesting way to see that the map is a
proper biharmonic curve in S4 with respect to each variable separately. For in-
stance, with respect to t-variable (s is fixed), the map becomes a curve φ(t, s) =
c1 cos t + c2 sin t+ c3, where
c1 =
1√
2
(cos s, sin s, 0, 0, 0), c2 =
1√
2
(0, 0, cos s, sin s, 0),
c3 = (0, 0, 0, 0,
1√
2
)
are three mutually orthogonal vectors in R5. It follows from Proposition 4.4 in [7]
that the t-curve is a proper biharmonic curve in S4 (up to an affine transformation
of arc-length parameter). Similarly, with respect to s-variable, the map φ is also
a proper biharmonic curve. 
Remark 3. (1) A similar construction applies to the family of the orthogonal
multiplications f : R2×R2 −→ R4 defined in [29] will produce a family of proper
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flat tori in S4.
(2) Note that none of the proper biharmonic maps constructed above is an isomet-
ric immersion. So they are different from the closed orientable proper biharmonic
embedded surfaces of any genus in S4 described in [7].
The following proposition shows that orthogonal multiplications can also be
used to construct proper biharmonic maps into Euclidean space.
Proposition 2.5. Let f : Rp × Rq −→ Rn be an orthogonal multiplication. If
one of ϕ : M −→ Rp and ψ : N −→ Rq is proper biharmonic and the other is
harmonic, then the map f ◦ (ϕ, ψ) : M ×N −→ Rn is proper biharmonic.
Proof. This follows from Proposition 2.1 and the fact that with respect to each
variable, the orthogonal multiplication f : Rp×Rq −→ Rn is a homothetic totally
geodesic imbedding. 
Example 3. Let f : R4×R4 −→ R4, f(x, y) = xy be the orthogonal multiplication
defined by the product of quaternions. Let ϕ : R4 \ {0} −→ R4 with ϕ(x) = x|x|2
be the inversion about 3-sphere, which is proper biharmonic. Then, a straightfor-
ward computation of the bi-Laplacian of component functions shows that the map
f ◦(ϕ, ϕ) : (R4\{0})×(R4\{0}) −→ R4 defined by f ◦(ϕ, ϕ)(x, y) = xy|x|2|y|2 is not
a biharmonic map. However, the map f ◦ (ϕ, Id) : (R4 \ {0})× (R4 \ {0}) −→ R4
defined by f ◦ (ϕ, Id)(x, y) = xy|x|2 is a proper biharmonic map.
2.2 More on biharmonic maps between spheres and into spheres
There are many harmonic maps between spheres which include the standard
minimal isometric immersions (embeddings) of spheres into spheres. To the au-
thor’s knowledge, the only known examples of proper biharmonic maps between
Euclidean spheres seem to be the following:
(1) the inclusion map ([6]) i : Sm( 1√
2
) →֒ Sm+1, i(x) = (x, 1√
2
) for x ∈
R
m+1 with |x| = 1√
2
, or more generally, homothetic immersion φ : Sm →֒
Sm+1, i(x) = ( x√
2
, 1√
2
) for x ∈ Rm+1 with |x| = 1 (see [25] for details);
(2) The composition of minimal isometric immersion Sk( 1√
2
) →֒ Sm( 1√
2
) fol-
lowed by the inclusion Sm( 1√
2
) →֒ Sm+1 ([7], [20]), the composition of
Veronese map: S2(
√
3) →֒ S4( 1√
2
) →֒ S5 ([7]);
(3) The composition of the Hopf map and the inclusion: S3( 1√
2
) −→ S2( 1√
2
) →֒
S3 ([19]), and more generally, the pull-backs of proper biharmonic maps
Sm( 1√
2
) →֒ Sm+1(m = 2, 4, 8) by the Hopf fibrations S2m−1 −→ Sm( 1√
2
)
([25]).
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The following construction can be used to produce many proper biharmonic
maps between Euclidean spheres.
Theorem 2.6. For any eigenmap f : Sm−1 −→ Sn−1 there is an associated
proper biharmonic map F : Sm−1 −→ Sn defined by F (x) = ( 1√
2
f(x), 1√
2
).
Remark 4. As we can see from Theorem 2.6 and the introduction in this section
that all known examples of proper biharmonic maps between spheres come from
the construction given in Theorem 2.6. It would be interesting to know whether
there is other type of proper biharmonic maps between spheres.
Theorem 2.7. Let ϕ : M −→ Sp and ψ : N −→ Sq be harmonic maps with
constant energy density from compact manifolds, and j : Sp( 1√
2
) × Sq( 1√
2
) →֒
Sp+q+1, p 6= q, be the standard inclusion. Then, φ = j ◦ ( ϕ√
2
, ψ√
2
) : M × N −→
Sp+q+1 is a proper biharmonic map.
Corollary 2.8. (1) Let ϕ : Sm −→ Sp and ψ : Sn −→ Sq be any eigenmaps,
then the map φ : Sm × Sn −→ Sp+q+1 with φ(x, y) = 1√
2
(ϕ(x), ψ(y)) is a proper
biharmonic map for p 6= q;
(2) Let ϕ : Sm1×Sm2 −→ Sp and ψ : Sn1×Sn2 −→ Sq be any bi-eigenmaps defined
by orthogonal multiplications, then the map φ : Sm1×Sm2×Sn1×Sn2 −→ Sp+q+1
with φ(x1, x2, y1, y2) =
1√
2
(ϕ(x1, x2), ψ(y1, y2)) is a proper biharmonic map for
p 6= q;
Remark 5. When ϕ : Sk( 1√
2
) −→ Sp, ϕ(x) = √2 x and ψ : Sk( 1√
2
) −→
Sq, ψ(y) =
√
2y be the homothetic minimal embedding of spheres into spheres,
our Theorem 2.7 recover part of results in Proposition 3.10 and Theorem 3.11 in
[7]
Example 4. Let ϕ : S1 −→ S1, ϕ(z) = z, z ∈ C be the identity map and ψ :
S3 −→ S2 be the Hopf fibration defined by ψ(x, y) = (2xy, |x|2 − |y|2), x, y ∈ C.
Then, by Theorem 2.7, we have a proper biharmonic map φ : S1 × S3 −→ S4
with φ(z, x, y) = 1√
2
(z, 2xy, |x|2 − |y|2).
Example 5. Let ϕ : S1 −→ S1, ϕ(z) = z, z ∈ C be the identity map and ψ :
S2 −→ S2 be a family of isometries (with parameter t) defined by ψ(y1, y2, y3) =
(y1 cos t + y2 sin t, −y1 sin t + y2 cos t, y3), y ∈ S2. Then, by Theorem 2.7,
we have a family of proper biharmonic map φ : S1 × S2 −→ S4 with φt(z, y) =
1√
2
(z, y1 cos t + y2 sin t, −y1 sin t + y2 cos t, y3). In particular, when t = 0, the
proper biahrmonic map becomes φ0(z, y) =
1√
2
(z, y), the standard homothetic
embedding which is the composition S1 × S2 →֒ S1( 1√
2
)× S2( 1√
2
) →֒ S4.
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For classification results on proper biharmonic isometric immersions into spheres,
i.e., proper biharmonic submanifolds in spheres see a recent survey in [4].
2.3 Biharmonic maps by complete lifts. Let ϕ : Rm ⊇ U −→ Rn be
a map into Euclidean space. The complete lift of ϕ is defined in [23] to be a
map φ : U × Rm −→ Rn with φ(x, y) = (dxϕ)(y). It was proved in [23] that
the complete lift of a harmonic map is a harmonic map, the complete lift of a
quadratic harmonic morphism is again a quadratic harmonic morphism. We will
show that the complete lift method can also be used to produce new biharmonic
maps from given ones.
Proposition 2.9. The complete lift of a proper biharmonic map is a proper
biharmonic map.
Proof. Let ϕ(x) = (ϕ1(x), ϕ2(x), . . . , ϕn(x)), then, by definition,
φ(x, y) = (
∑m
i=1
∂ϕ1
∂xi
yi,
∑m
i=1
∂ϕ2
∂xi
yi, . . . ,
∑m
i=1
∂ϕn
∂xi
yi). It is easy to check that a map
into Euclidean space is biharmonic if and only if each of its component function is
biharmonic. Let ∆(x,y) denote the Laplacian on U×Rm, clearly, ∆(x,y) = ∆x+∆y.
Therefore,
∆2(x,y)φ
a(x, y) = ∆(x,y)
(
∆(x,y)(
m∑
i=1
∂ϕa
∂xi
yi)
)
(7)
=
m∑
i=1
∆2x(
∂ϕa
∂xi
)yi =
m∑
i=1
∂
∂xi
(
∆2xϕ
a
)
yi,
from which we obtain the proposition. 
Example 6. Let ϕ : R4 \{0} −→ R4 be the inversion about 3-sphere in R4 defined
by ϕ(x) = x/|x|2 which is known ([1]) to be a proper biharmonic map. Its
complete lift φ : R4 \ {0} × R4 −→ R4 is defined by
φ(x, y) = |x|−4((|x|2 − 2x21)y1 − 2x1
4∑
i 6=1
xiyi, (|x|2 − 2x22)y2 − 2x2
4∑
i 6=2
xiyi,
(|x|2 − 2x23)y3 − 2x3
4∑
i 6=3
xiyi, (|x|2 − x24)y4 − 2x4
4∑
i 6=4
xiyi
)
,(8)
which is a proper biharmonic map by Proposition 2.9. Note that this is another
example of proper biharmonic map defined by rational functions.
2.4 Biharmonic maps by direct sum construction. Let ϕ : M −→ Rn
and ψ : N −→ Rn be two maps. Then the direct sum of ϕ and ψ is defined (see
[22] and also [2]) to be the map
ϕ⊕ ψ :M ×N −→ Rn
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given by
(ϕ⊕ ψ)(p, q) = ϕ(p) + ψ(q)
where M×N is the product ofM and N , endowed with the Riemannian product
metric G = g × h. An immediate consequence of Proposition 2.1 is the following
Corollary 2.10. The direct sum of biharmonic maps is again a biharmonic map;
the direct sum of a harmonic map and a proper biharmonic map is a proper
biharmonic map.
Example 7. The map φ : (R3, g = ex2(dx21 + dx
2
2) + dx
2
3) −→ R3 defined by
φ(x1, x2, x3) = (cos x1 + 3x3, sin x1 + 2x3, x2 − x3) is a proper biharmonic map.
This follows from Corollary 2.10 and the fact that the map φ is the direct sum of
the the geodesic (map) ψ : R1 −→ R3 defined by ψ(x3) = (3x3, 2x3,−x3) and the
map ϕ : (R2, g = ex2(dx21+ dx
2
2)) −→ R3, ϕ(x1, x2) = (cos x1, sin x1, x2), which is
a proper biharmonic conformal immersion of R2 into Euclidean space R3 ([26]).
3. Biharmonic maps into a product manifold
The graph of a map ψ : (M, g) −→ (N, h) is defined to be the map φ : M −→
(M×N, g×h) with φ(x) = (x, ψ(x)) which is easily checked to be an embedding.
So with respect to the pull-back metric φ∗(g + h) = g + ψ∗h the graph φ is an
isometric embedding whilst with respect to the original metric g on M it need
not be so. The harmonicity of the graph of a map ψ with respect to the pull-back
metric φ∗(g + h) = g + ψ∗h and the original metric g on M were studied in [13]
and [11].
Proposition 3.1. ([13], 2 (E)) Let ψ : (M, g) −→ (N, h) be a map. Then, the
graph φ : (M, g) −→ (M ×N, g × h) with φ(x) = (x, ψ(x)) is a harmonic map if
and only if the map ψ : (M, g) −→ (N, h) is a harmonic map.
Proposition 3.2. ([11]) Let ψ : (M, g) −→ (N, h) be a map. Then, the graph
φ : (M,φ∗(g×h)) −→ (M ×N, g×h) with φ(x) = (x, ψ(x)) is a harmonic map if
and only if both π1◦φ and π2◦φ = ψ are harmonic, where π1 : (M×N, g×h) −→
(M, g) and π2 : (M ×N, g × h) −→ (N, h) are the projections onto the first and
the second factor respectively.
We will show that these results generalize to the case of biharmonic maps.
Actually, we will prove that the generalizations follow from the following theorem.
Theorem 3.3. (Biharmonic maps into product spaces) Let ϕ : (M, g) −→
(N1, h1) and ψ : (M, g) −→ (N2, h2) be two maps. Then, the map φ : (M, g) −→
(N1×N2, h1×h2) with φ(x) = (ϕ(x), ψ(x)) is biharmonic if and only if both map
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ϕ and ψ are biharmonic. Furthermore, if one of ϕ and ψ is harmonic and the
other is a proper biharmonic map, then φ is a proper biharmonic map.
Proof. It is easily seen that
dφ(X) = dϕ(X) + dψ(X), ∀ X ∈ TM.(9)
It follows that
∇φXdφ(Y ) = ∇φXdϕ(Y ) +∇φXdψ(Y ), ∀ X, Y ∈ TM.(10)
Let {e1, . . . , em} be a local orthonormal frame on (M, g) and let Y = Y iei, then
dϕ(Y ) = Y iϕai (Ea ◦ ϕ) for some function ϕai defined locally on M . A straightfor-
ward computation yields
∇φXdϕ(Y ) = ∇φX(Y iϕai )(Ea ◦ ϕ)
= [X(Y iϕai )](Ea ◦ ϕ) + (Y iϕai )∇N1dϕ(X)(Ea ◦ ϕ)(11)
= ∇ϕX(Y iϕai )(Ea ◦ ϕ) = ∇ϕXdϕ(Y ).
Similarly, we have
∇φXdψ(Y ) = ∇ψXdψ(Y ).(12)
By using (9), (10), (11), and (12) we have
τ(φ) =
m∑
i=1
{∇φeidφ(ei)− dφ(∇Mei ei)}
=
m∑
i=1
{∇ϕeidϕ(ei)− dϕ(∇Mei ei) +∇ψeidψ(ei)− dψ(∇Mei ei)}(13)
= τ(ϕ) + τ(ψ).
To compute the bitension field of the map φ, we notice that τ(ϕ) is tangent
to N1 whilst τ(ψ) is tangent to N2. We use the property of the curvature of the
product manifold to have
RN1×N2(dφ(ei), τ(φ))dφ(ei)
= RN1(dϕ(ei), τ(ϕ))dϕ(ei) + R
N2(d(dψ(ei), τ(ψ))dψ(ei).
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Therefore,
τ 2(φ) =
m∑
i=1
{∇φei∇φeiτ(φ)−∇φ∇Mei eiτ(φ)− R
N1×N2(dφ(ei), τ(ϕ))dφ(ei)}
=
m∑
i=1
{∇ϕei∇ϕeiτ(ϕ)−∇ϕ∇Mei eiτ(ϕ)− R
N1(dϕ(ei), τ(ϕ))dϕ(ei)}(14)
+
m∑
i=1
{∇ψei∇ψeiτ(ψ)−∇ψ∇Mei eiτ(ψ)− R
N2(dψ(ei), τ(ψ))dψ(ei)}
= τ 2(ϕ) + τ 2(ψ),
from which, together with (13) the theorem follows. 
The following corollary generalizes Proposition 3.1 in [13] and can be used to
produce proper biharmonic maps from given ones.
Corollary 3.4. Let ψ : (M, g) −→ (N, h) be a map. Then, the graph φ :
(M, g) −→ (M × N, g × h) with φ(x) = (x, ψ(x)) is a biharmonic map if and
only if the map ψ : (M, g) −→ (N, h) is a biharmonic map. Furthermore, if ψ is
proper biharmonic, then so is the graph.
Proof. The corollary follows from Theorem 3.3 with ϕ : (M, g) −→ (M, g) being
identity map which is harmonic. 
Example 8. The map φ : R4 \ {0} −→ R4 × R4 given by φ(x) = (x, x/|x|2) is a
proper biharmonic map. This follows from Theorem 3.3 and the fact that φ is
the graph of the inversion ψ : R4 \ {0} −→ R4 defined by ψ(x) = x/|x|2 which is
known ([1]) to be a proper biharmonic map.
Example 9. The map φ : (R2, g = ex2(dx21 + dx
2
2)) −→ (R2 × R3, ex2(dx21 +
dx22) + dx
2
3 + dx
2
4 + dx
2
5) defined by ψ(x1, x2) = (x1, x2, cos x1, sin x1, x2) is a
proper biharmonic map. This is because the map φ is the graph of the map
ψ : (R2, g = ex2(dx21 + dx
2
2)) −→ R3, ψ(x1, x2) = (cos x1, sin x1, x2), which is a
proper biharmonic conformal immersion of R2 into Euclidean space R3 ([26]).
Another consequence of Theorem 3.3 is the following
Corollary 3.5. Let ψ : (M, g) −→ (N, h) be a map. Then,
(1) the graph φ : (M,φ∗(g × h)) −→ (M × N, g × h) with φ(x) = (x, ψ(x)), is a
biharmonic isometric embedding if and only if both maps ϕ : (M, g + ψ∗h) −→
(M, g) with ϕ(x) = x and ψ : (M, g + ψ∗h) −→ (N, h) are biharmonic. Further-
more, if one of the component maps is proper biharmonic then so is the graph φ;
(2) A submanifold ψ : (M, g) −→ (N, h) is biharmonic if and only if its graph
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φ : (M, g) −→ (M × N, g × h) with φ(x) = (x, ψ(x)) is a biharmonic embedded
submanifold.
(3) The graph of ψ : (M2, g) −→ (N, h) is a biharmonic isometric embedding if
and only if the map ψ : (M2, g + ψ∗h) −→ (N, h) is biharmonic.
Proof. The Statement (1) follows from Theorem 3.3 immediately. For Statement
(2), note that if ψ : (M, g) −→ (N, h) is an isometric immersion, then φ∗(g ×
h) = 2g, from which and Theorem 3.3 we obtain the required result. To prove
Statement (3), first note that, by Theorem 3.3, the biharmonicity of the graph
φ is equivalent to the biharmonicity of ϕ : (M2, g + ψ∗h) −→ (M2, g) and ψ :
(M2, g + ψ∗h) −→ (N, h). Since ϕ is an identity map between two Riemann
surfaces, one can easily check that ϕ is harmonic. It follows that φ is biharmonic
if and only if ψ is biharmonic. 
4. Biharmonic graphs and Chen’s conjecture
Concerning biharmonic submanifolds of Euclidean space we have the following
Chen’s Conjecture: any biharmonic submanifold of Euclidean space is mini-
mal.
Jiang [17], Chen-Ishikawa [9] proved that any biharmonic surface in R3 is mini-
mal; Dimitric´ [10] showed that any biharmonic curves in Rn is a part of a straight
line, any biharmonic submanifold of finite type in Rn is minimal, any pseudo-
umbilical submanifolds Mm ⊂ Rn with m 6= 4 is minimal, and any biharmonic
hypersurface in Rn with at most two distinct principal curvatures is minimal; it
is proved in [15] that any biharmonic hypersurface in R4 is minimal. However,
the conjecture is still open.
As any hypersurface of Euclidean space is locally the graph of a real-valued
function, we believe that the next strategic step in attacking Chen’s conjecture
is to check whether a biharmonic graph in Euclidean space is minimal. The
following theorem gives conditions on a real-valued function whose graphs pro-
duce biharmonic hypersurfaces in a Euclidean space, from which we obtain an
equivalent analytic formulation of Chen’s conjecture.
Theorem 4.1. (I) A function f : Rm ⊇ D −→ R has biharmonic graph
{(x, f(x)) : x ∈ D} ⊆ Rm+1 if and only if of f is a solution of
(15)
{
∆2f = 0,
(∆fk)∆f + 2g(∇fk,∇∆f) = 0, k = 1, 2, . . . , m,
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where the Laplacian ∆ and the gradient ∇ are taken with respect to the induced
metric gij = δij + fifj.
(II) The following statements are equivalent:
(i) Any biharmonic hypersurface in Euclidean space Rm+1 is minimal (Chen’s
Conjecture for biharmonic hypersurfaces [8]);
(ii) Any solution of Equation (15) is a harmonic function, i.e., ∆f = 0.
Proof. To prove Statement (I), let f : Rm ⊇ D −→ R with f = f(x1, . . . , xm)
be a function. Then, by Corollary 3.5, the graph φ : Rm ⊇ D −→ Rm+1 with
φ(x) = (x1, . . . , xm, f(x1, . . . , xm)) is a biharmonic hypersurface if and only if
all component functions are biharmonic with respect to the induced metric g =
(gij) = (δij + fifj). This is equivalent to f being a solution of
(16)
{
∆2f = 0,
∆2xk = 0, k = 1, 2, . . . , m.
To prove the equivalence of (15) and (16) we need to find a way to compute
the Laplacian on the hypersurface. To this end, we use the standard Cartesian
coordinates (x1, . . . , xm, x0) in R
m+1 and with respect to which the standard Eu-
clidean metric is given by h0 = dx
2
1 + . . .+ dx
2
m + dx
2
0. We will use the notations
∂i =
∂
∂xi
, i = 0, 1, 2, . . . , m, fi =
∂f
∂xi
, and fij =
∂2f
∂xj∂xi
.
Claim: The Laplacian on the hypersurface with respect to the induced metric
g is given by
∆u = gijuij − g
ijfij
1 + |∇0f |2
m∑
i=1
fiui(17)
where u is a function defined on D ⊆ Rm. In particular,
(18) ∆f =
gijfij
1 + |∇0f |2 .
Proof of the Claim: It is easy to check that
(19)
{
Xi = dφ(∂i) = ∂i + fi∂0, i = 1, 2, . . . , m,
ξ = (−∇0f + ∂0)/
√
1 + |∇0f |2 ,
where ∇0 denoting the Euclidean gradient, form a frame (not necessarily an or-
thonormal one) on Rm+1 adapted to the hypersurface with ξ being the unit normal
vector field. Clearly, the induced metric on the hypersurface has components
(gij) = (〈Xi, Xj〉) = (δij + fifj), (gij) = (gij)−1.(20)
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Let ∇¯ denote the connection of the ambient Euclidean space. Then, we have
∇¯XiXj = ∇¯(fi∂0+∂i)(fj∂0 + ∂j) = fij∂0.(21)
The second fundamental form of the hypersurface with respect to the frame
{Xi} is give by
bij = b(Xi, Xj) = 〈∇¯XiXj , ξ〉 =
fij√
1 + |∇0f |2
.(22)
We can apply the Gauss formula ∇¯XiXj −∇XiXj = b(Xi, Xj)ξ for a hypersur-
face to have
∇XiXj = ∇¯XiXj − b(Xi, Xj)ξ(23)
= fij(∇0f + |∇0f |2∂0)/(1 + |∇0f |2).
On the other hand, it is well known that the Laplacian on a manifold Mm with
Riemannian metric g is given by
∆u =
m∑
i=1
{eiei(u)− (∇eiei)u},
where {ei : i = 1, 2, · · · , m} is an orthonormal frame on (Mm, g). By a straight-
forward computation one can check that with respect to an arbitrary frame
{Xi : i = 1, 2, · · · , m} on (M, g), we have
∆u = gij(XjXiu−∇XiXj u).(24)
Using the frame defined in (19), and Equations (23), (24) we obtain Formula
(17), and from which we ontain (18) by replacing u by f and a straightforward
computation. Thus, we end the proof of the Claim.
Now using (17) and a straightforward computation we have
∆xk = −fk∆f, k = 1, 2, . . . , m.(25)
A further computation using (17), (18) and (25) shows that (16) is indeed
equivalent to (15), which ends the proof of the first statement.
For statement (II), first notice that the mean curvature of the graph is given
by
mH = gijbij =
gijfij√
1 + |∇0f |2
=
√
1 + |∇0f |2 ∆f.(26)
It follows that the function f has minimal graph if and only if the graph φ, as
an isometric embedding, is harmonic. This is equivalent to the vanishing of both
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(18) and (25), which is equivalent to f being a harmonic function with respect
to the metric φ∗h0 = gij = δij + fifj (and, by (26), it is equivalent to the mean
curvature H vanishes identically).
By the implicit function theorem any hypersurface is locally the graph of a
function. It follows that the existence of a non-harmonic biharmonic hypersurface
is equivalent to the existence of a solution of (15) which is not harmonic, from
which we obtain the Statement (II) which completes the proof of the theorem. 
Remark 6. We notice that the well-known Bernstein’s conjecture and Chen’s con-
jecture on biharmonic hypersurfaces are similar in the following sense: Bernstein
conjecture claimed that for m ≥ 2, any entire solution of the minimal graph
equation
∆f = 0 ⇐⇒
m∑
i,j=1
(
δij − fifj
1 + |∇f |2
)
fij = 0,
is trivial, i.e., f is an affine function. According to our Theorem 4.1, Chen’s
conjecture for biharmonic hypersurfcaes is equivalent to claiming that for m ≥ 2,
any solution of the biharmonic graph equation
(27)
{
∆(∆f) = 0,
(∆fk)∆f + 2g(∇fk,∇∆f) = 0, k = 1, 2, . . . , m,
is trivial, i.e., ∆f = 0.
We know that Bernstein’s conjecture is true for m = 2 (Bernstein, 1915),
m = 3 (De Giorgi,1965), m = 4 (Almgren, 1966), and m ≤ 7 (J. Simons, 1968);
however, it fails to be true for m > 7 (Bombieri-De Giorgi-Giusti, 1969). We are
not sure whether the similarity between the two conjectures implies that Chen’s
conjecture is more likely to be false. We do hope that the equivalent analytic
formulation of Chen’s conjecture for biharmonic hypersurfaces and its interesting
link to Bernstein’s conjecture will attract more work and especially more analytic
study of the conjecture.
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